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1 The Metric Entropy Method for Function Spaces

1.1 Recap: controlling complexity via chaining

Last time, we were discussing the metric entropy method for obtaining bounds on empirical
processes. We have a metric space (T, ρ), and we want to control

E
[
sup
θ∈T

Xθ

]
or E

[
sup
θ∈T
|Xθ|

]
,

where Xθ is usually mean 0 and sub-Gaussian. We introduced the metric entropy is
logN(ε;T, ρ), where N(ε;T, ρ) = inf{N : |Tε| = N,Tε is an ε-cover} is the ε-covering
number.

We had the one step discretization bound given by the maximal inequality

E
[
sup
θ∈T
|Xθ|

]
. inf

ε
σ
√

log(N(ε;T, ρ) + E

[
sup

ρ(θ,θ̃)≤ε
|Xθ −Xθ̃

|

]
We introduced the condition of a process to be sG(ρ):

E[eλ(Xθ−Xθ̃)] ≤ exp

(
λ2

2
ρ(θ, θ̃)2σ2

)
.

This condition allowed us to use the chaining bound

E
[
sup
θ∈T
|Xθ|

]
. inf

ε
σ

∫ D

ε

√
logN(u;T, ρ) du+ E

[
sup

ρ(θ,,θ̃≤ε
|Xθ −Xθ̃

|

]
.

Last time, we discussed examples where T ⊆ Rd. We let Xθ = 〈ε, θ〉 or Xθ = 〈W, θ〉
to get bounds on the Rademacher/Gaussian complexity of Euclidean sets. Today, we will
discuss examples where T = F ⊆ Lp for 1 ≤ p ≤ ∞ is a function space. If we let

Xθ =
1

n

n∑
i=1

εf(Zi) or , Xθ =
1

n

n∑
i=1

(f(Zi)− E[f(Zi)]),
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then this gives us information about the Rademacher/Gaussian complexity of function
spaces.

1.2 One step discretization and chaining bounds for Rademacher com-
plexity of function classes

Recall that if |mcF ⊆ L1(P) and εi
iid∼ Unif({±1}), then we defined the Rademacher

complexity of function class as

Rn(F) := Eε,X

[
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εif(Xi)

∣∣∣∣∣
]

= EX [R(F(X1:n)/n)],

where we can think of this as the expectation of the empirical Rademacher complexity,

R(F(X1:n)/n) = Eε

[
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εif(Xi)

∣∣∣∣∣ | X1:n

]
,

where
F(x1:n) = (f(x1), . . . , f(xn)) : f ∈ F} ⊆ Rn.

Recall that VC theory tells us that when the value of f is binary, F(x1:n) is a finite set.
Then we can use the maximal inequality.

This lecture, we will control this using the metric entropy method. Rewrite

R(F(x1:n)/n) =
1√
n
E

[
sup
f∈F
|Xf |

]
,

where

Xf :=
1√
n

n∑
i=1

εif(xi).

Hoeffding’s inequality tells us that Xf ∼ sG(
√

1
n

∑n
i=1 f(xi)2).

To apply Dudley’s entropy intergral bound on E[supθ∈T |Xθ|], we need

1. A metric ρ on F ,

2. Xf to be a sub-Gaussian process with respect to ρ,

3. An upper bound for N(u;F , ρ),

4. (Optional) An upper bound for the discretization error.
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1.3 Useful metrics on F ⊆ L1(P)

Here are four useful metrics

(a) L2(P) metric:

‖f − g‖2L2(P) =

∫
X

(f(x)− g(x))2 dP(x).

(b) L∞ metric: If suppP = X , then

‖f − g‖L∞ = sup
x∈X
|f(x)− g(x)|.

(c) L2(Pn) metric (given x1:n):

‖f − g‖2L2(Pn) =

∫
(f(x)− g(x))2 dPn(x) =

1

n

n∑
i=1

(f(xi)− g(xi))
2.

We can make this a random metric by using X1:n.

This is equivalent to ‖ · ‖2 on F(x1:n)/
√
n ⊆ Rn. Recall that

F(x1:n/
√
n) = { 1√

n
(f(x1), . . . , f(xn)) ∈ Rn : f ∈ F}.

Then if f(x1:n)/
√
n, g(x1:n)/

√
n ∈ F(x1:n)/

√
n,

‖f(x1:n)/
√
n− g(x1:n)/

√
n‖22 =

1

n

n∑
i=1

(f(xi)− g(xi))
2.

(d) Parametric metric: If F = {fθ : θ ∈ T ⊆ Rd}, a metric ρ on T induces a metric ρ on
F by

ρ(fθ, fθ̃) := ρ(θ, θ̃).

Here are the relationships between these metrics:

• For any measure P, ‖f − g‖P ≤ ‖f − g‖∞. In particular, this says that ‖f − g‖Pn ≤
‖f − g‖∞ for all x1:n.

• When F = fθ : θ ∈ T ⊆ Rd}, suppose that |fθ1 − fθ2(x)| ≤ Γ(x)ρ(θ1, θ2). Then

‖fθ1 − fθ2‖L2(P) ≤ ‖Γ‖L2(P)ρ(θ1, θ2),

‖fθ1 − fθ2‖L∞ ≤ ‖Γ‖L∞ρ(θ1, θ2).
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Example 1.1. Let F = {fθ(x) = 1 − e−θx, x ∈ [0, 1] : θ ∈ [0, 1]}. Then, using Taylor
expansion and the intermediate value theorem,

|fθ1(x)− fθ2(x)| =
∣∣∣xe−ξx|θ1 − θ2|∣∣∣ ≤ |x| · |θ1 − θ2|.

This tells us that
‖fθ1 − fθ2‖L2(P) ≤ ‖x‖L2(P)|θ1 − θ2|.

‖fθ1 − fθ2‖L∞ ≤ |θ1 − θ2|.

When x is not restricted to a bounded domain, we will not get a bound for the L∞ norm

We care about inequalities between metrics because they introduce inequalities between
covering numbers.

Lemma 1.1. If ρ1, ρ2 are two metrics on T and ρ1(θ1, θ2) ≤ ρ2(θ1, θ2) for all θ1, θ2 ∈ T ,
then

N(ε;T, ρ1) ≤ N(ε;T, ρ2).

As a consequence,

N(ε;F , L2(Pn)) ≤ N(ε;F , L∞), N(ε;F , L2(P)) ≤ N(ε;F , L∞).

If |fθ1(x)− fθ2(x)| ≤ Γ(x)ρ(θ1, θ2), then

N(ε;F , L∞) ≤ N(ε;T, ‖Γ‖∞ρ), N(ε;F , L∞) ≤ N(ε;T, ‖Γ‖L2(P)ρ).

Note that we can express this rescaling either in the metric or as a scaling factor in front
of ε.

1.4 The uniform entropy bound for empirical processes

In what metrics might Xf = 1√
n

∑n
i=1 εif(Xi) be a sub-Gaussian process?

E[eλ(Xf−Xg) | X1:n] = E[e(λ/
√
n)|X1:n

∑n
i=1 εi(f(Xi)−g(Xi)) | X1:n]

=
n∏
i=1

E[e(λ/
√
n)|X1:nεi(f(Xi)−g(Xi)) | Xi]

≤
n∏
i=1

e(λ
2/n)(f(Xi)−g(Xi)2/2

= e(λ
2/2) 1

n

∑n
i=1(f(Xi)−g(Xi)2/2

Since 1
n

∑n
i=1(f(Xi)− g(Xi)

2/2− ‖f − g‖Pn ≤ ‖f − g‖∞,

≤ e(λ2/2)‖f−g‖∞ .
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This tells us that (Xf )f∈F is a sub-Gaussian process with respect to the metric ‖·‖L2(Pn).
The inequalities between metrics tell us that this is also then sub-Gaussian with respect
to ‖ · ‖L∞ .

Now, if D = supf,g∈F ‖f − g‖L2(Pn) =: ‖F‖Pn is the diameter,

E

[
sup
f∈F
|Xf |

]
≤
∫ D

0

√
logN(u;F , L2(Pn) du.

Then the empirical Rademacher complexity is bounded above by

R(F(X1:n)/n) =
1√
n
E

[
sup
f∈F
|Xf |

]
Using the change of variables u = ‖F‖Pn ũ,

.
1√
n

∫ ‖F‖Pn
0

√
logN(‖F‖Pn ũ;F , L2(Pn)) d‖F‖Pn ũ

=
‖F‖Pn√

n

∫ 1

0

√
logN(‖F‖Pnu;F , L2(Pn)) du

≤ ‖F‖Pn√
n

∫ 1

0
sup
Q

√
logN(‖F‖Qu;F , L2(Q)) du.

When we take the expectation of the empirical Rademacher complexity and use Cauchy-
Schwarz, we get

E[F(F(X1:n)/
√
n)] ≤ ‖F‖P√

n

∫ 1

0
sup
X

√
logN(‖F‖Qu;F , L2(Q)) du.

We can summarize this in the following proposition:

Proposition 1.1 (Uniform entropy bound).

E[‖Pn − P‖F ] . Rn(F) .
‖F‖P√

n

∫ 1

0
sup
Q

√
logN(‖F‖Qu;F , L2(Q)) du.

This is not in Wainwright’s textbook, but you can find it as Theorem 4.7 in A Gentle
Introduction to Empirical Process Theory and Applications by Bodhisattva Sen.

1.5 Examples of bounding Rademacher complexity for different covering
numbers

Example 1.2. Suppose we have logN(u) � d log(1 + 1/u). Then

Rn(F) ≤ 1√
n

∫ 1

0

√
d log(1 + 1/u) du .

√
d

n
.
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Example 1.3. If logN(u) � 1/u, then

Rn(F) .
1√
n

∫ 1

0

√
1

u
du .

1√
n
.

Example 1.4. If logN(u) � 1
ud

, where d ≥ 2, then

Rn(F) .
1√
n

∫ 1

0

√
1

ud
du =∞.

However, we can get a better bound in the last example by using the following propo-
sition.

Proposition 1.2.

sup
P

E[‖Pn − P‖F . Rn(F) . ‖F‖∞ inf
ε
ε+

1√
n

∫ 1

ε

√
logN(‖F‖∞u;F , L∞) du.

How can we upper bound Eεi [sup‖f−g‖Pn≤ε |
∑n

i=1 εi(f(Xi) − g(Xi))|]? We know that
we can bound

Eεi

[
sup

‖f−g‖L∞≤ε

n∑
i=1

εi(f(Xi)− g(Xi))|

]
≤
√
nε.

If we use this bound, then when logN(u) . 1
ud

with d ≥ 2, we get

Rn(F) . inf
ε
ε+

1√
n

∫ 1

ε

1

ud/2
du.
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